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ABSTRACT 
We study the eigenvalues of positive semidefinite matrix power products and 
obtain some inequalities, most of which are in terms of majorization. In particular, for 
A, B > 0, p > a > 0, we prove log A”“( A”Ba) 4 log h’/s(AaBfl). The result is a 
generalization of some work of Marcus, Lieb, Thirring, Le Couteur, Bushell, and 
Trustrum. 
1. INTRODUCTION 
For any x = (x,, , x,) E R”, let XL = (xfl,, , , xrrLl> denote the de- 
creasing rearrangement of x, i.e., xI1] > a*. 2 xLnl, and x t = (xc,), . ) X(n) 1 
denote the increasing rearrangement of x. 
For x, y E R”, x is said to be weakly majorized by y if 
k = l,...,n; (1) 
this relation is denoted by x x o y. If, in addition to (11, equality occurs at 
k = n, then x is said to be majorized by y and we write x < y. 
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For 0 < x, y E R”, let us write log x + wlog y to mean 
If equality occurs at k = n, we write it as log x -X log ys 
Let A be an n X n complex matrix. The eigenvalues and singular values 
of A are respectively denoted by A,(A), . , A,(A) and (~r( A), , a,,(A) 
with L&(A)1 a ... 2 b,(A)I, a,(A) > .** > a,,(A). In particular, when A 
is positive semidefinite (A > O), then A,(A) > ... > A,,( A) > 0 and A( A) 
= (A,(A), , A,(A)) = A(A)J, and for (Y E R, Aa = A(A*) = 
(A?(A), , A:(A))J. 
The following results are well known (see [l, 21): 
(I) For A, B > 0, 
log A( A) o A( B) t -c log A( AB) + log A( A)0 A(B). 
(II) For arbitrary n X n matrices A and B, 
log c(A)o(~(B)f i log a(AB) + log a(A)oc(B). 
Here 0 denotes the coordinatewise product of vectors. 
In this paper, we strengthen (I) by inserting a certain new majorization 
among log A( A) 0 A( B > t, log A( AB ), and log A( A) 0 A( B >. This is the con- 
tent of Theorems 2 and 6 in Section 2. 
Let A, B > 0, m E N. The following result is due to Marcus [6]: 
i$lAy( A)X-i+,(B) < tr A”“B” < 2 A:( A)AT’(B). 
i=l 
Le Couteur [4] obtained 
In [5], Lieb and Thirring proved 
tr( AB)” < tr A”B”‘. 
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By combining all these inequalities, Bushel1 and Trustrum [3] gave a direct 
proof of the following inequality: 
i~IA~(A)A~‘,,,(B) ~tr(AB)“‘~trA”‘B”‘~ tA:“(A)A:“(B). 
i=l 
We are going to show that this is a special case of a more general result, 
i.e., Theorems 4, 6 in Section 2. 
2. MAIN RESULTS 
We start with the following known result. 
LEMMA 1 [ll. 
(i) For n X n positive semidefinite Hermitian matrices A, B, 
A,( AB) Q A,( A) 4( B)) 
h,(AB) a WWn(W~ (2) 
(ii) For arbitrary n X n matrices X, Y, 
I 4( XY 1 I Q a,(fl> G fl.I(X)~1(Y)’ 
Iww 2 %(xy> a %(X)dY). (3) 
We first strengthen (2) by inserting some eigenvalues of the matrix power 
products. 
THEOREM 1. For n X n positive semidefinite Hermitian matrices A, B 
and m E N, 
A,( AB) < /l;‘m( An’Bm) < 
h,( AB) > A’,/“( A”‘B”‘) > 
Proof. Use induction on m 
A;‘m( Am,,‘) 
A;‘(“‘+ ‘) Am+ ‘B”‘+ ‘) Q A,( A) Ar( B) , ( 
A~/@+~) ” ( A~L+~B~+~) 2 A (A)A (B). n n 
to prove 
< A;/(m+l) 
( 
Am+lBm+r 
). 
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From Lemma 1, 
A,( AB) < a,( AB) = A;‘“( ABBA) = A;‘“( A”B’), 
so the result holds for m = 1. 
Choose 
_J( = A’“’ + 1)/2B(lE + 1)/e y = B(“‘- 1)/2A(“’ -1)/i? 
From (3), 
1 A,( A(“L+ l)/2B( ,I, + 1)/2B(lJl- 1)/2A(f?l - 1)/2 
)I 
< al( A(“‘+1)/2B(“‘+1)/2)~,( Bb-l)/2@-‘)/2) 
= A;/“( AIII+1Bf11+~)~;/2( A”‘-1BWl) 
By the induction hypothesis, 
and we have 
i.e., 
A;/‘“( AmBm) < A;/(m+l)( A”‘+ lgn2+ 1). 
Clearly, also 
Al/(m+ 1) em+ 1 
1 ( 
,,+I) < A:/(“~+J)(A~+~)A:/(“‘+J~)(B”“+~) = Al(A) 
The second part of Theorem 1 can be proved similarly. w 
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COROLLARY 1. For n X n norm& matrices A, B, and m E N, 
(T~( AB) 6 u;““( A”‘,“‘) < a;‘(“‘+ “( A”‘+ ‘B”‘+ ‘) Q (T~( A) gI( B), 
q,( AB) 2 q,““‘( A”‘,“‘) > ql’(“‘+ “( A”‘+ ‘B”‘+ ‘) > u,,( A) q,( B). 
Proof. Noting that AA* = A*A, BB* = B”B, we have 
< A;/(“’ + 1) 
[ 
(( ~*)‘.+‘(BB*)“‘+l)~“z 
= u’/(t,l+ 1) A”‘+‘B”L+ 1 
1 ( ). 
The other inequalities can be proved similarIy. n 
Because of Lemma 1, it is natural to conjecture that Corollary 1 holds for 
arbitrary matrices A, B. But this is not true. We have the following 
counterexample: Let 
B = I; 
then 
gl( AB) = a,( A) = > 1.61, 
and 
Ul “*( A2B2) = cr;‘“( A2) = (3 + 2fi)“j < 1.56, 
a,( AB) > +‘( A%‘). 
The following lemma is known. 
LEMMA 2. Let X (k) 
(1 < k < n). Then 
be the k th compound of an n x n matrix X 
(xy )tk) = x'k'y ‘k), 
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A,(X'k') = hAi( 
i=l 
In particular, for a positizje definite Hermitian matrix A (A > O), CY E R, 
( A”)‘k’ = ( A’“‘) a, 
THEOREM 2. For n X n positive semidefinite Hermitian matrices A, B 
and m E N, 
log A( AB) < log A’/“‘( A,,,,‘,,) < log A’++l)( A”‘+ lBJ,l+ ‘) 
-x log A( A) 0 A( B) . 
Proof. We prove log A’/“‘( A”‘B”‘) < log h’/(“‘+l)( A”‘+ ‘B”‘+‘); the re- 
maining part can be obtained similarly. 
From Lemma 2. 
( A”‘B ,,,)ck) = ( A”‘)‘“‘( B”L)‘k’ = ( A(k))“‘( B(k))“‘, 
A,(( A’k))“‘( B’“‘)“‘) = A,(( A”‘B”‘)‘k)) zz h Ai( ,“z,“L), 
i=l 
and Ack’, BCk’ are positive semidefinite (see [l, p. 5031). Using Theorem 1, 
< ^:/(ffI+I,(( A@))“‘+‘( B(k))“‘+‘) 
k 
= L;A;/(“‘+“( A”‘+‘B”‘+‘), k = 1,. . , n. 
At k = n. 
iQ WY A,,,,,,,) = (det A”‘B”‘)1/71L 
= det Adet B = fi A;/‘“‘+“( A”1+lB”1+I), 
i=l 
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so 
log A@‘( A,,,,) < log ,&b’+l)( A’“+ ‘Bnr+ ‘). 
This completes the proof of Theorem 2. n 
Similarly, we can insert a majorization between log A( A) 0 h(B) T and 
log h( AB). We have 
THEOREM 3. For n X n positive semidefinite Hermitian matrices A, B 
and m E N, 
log A( A) 0 A(B) t < log A”‘+l( A”(7n+ ‘)B”@‘+l)) 
< log A”‘( A1’mB”m) + log A( AB). 
Proof. Since 
log A( A I/(~~~+ 1’) o A( B l/(,,l+ 1’) f < log A( Al/(“‘+l)B1/(“1+ 1’) 
from (I), we have 
log hTrL+l( Al/(“‘+l+ A”t+1(Bl/(l?l+l))~ < log A”‘+l( A’/(“‘+1)B’/(‘“+‘)), 
i.e., 
log A( A) o A( B) t < log A”‘+ ‘( A’/(“‘+ ')B'/("'+l)). 
Also, for G, H > 0, take A = G l/771(“‘+ 1) B = Hl/‘n(“‘+ 1) in Theorem 1. Lye , 
have 
A;“+‘(G l/(nl+ l)Hl/(f,f+ 1) = [ +h( A”‘B”“)] rrL(“r+l) 
A”‘+ 1B “1, + 1 )I 
nd ,,I + 1) 
Thus 
A;,+‘( A l/(llL+l)Bl/(“‘+‘) ) < A;“( A1/“‘B1’“‘) < A,( AB), 
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and using methods similar to those in the proof of Theorem 2, it follows that 
log A”‘+ ‘( Al/(“‘+1)Bl/(?lI+1) ) -c log A”‘( A1’“1B”‘7L) < log A( AB). 
Observing that A;“( AB) < A,( A”‘B”‘) for A, B > 0, we can similarly 
obtain 
COROLLARY 2. For A, B > 0 and m E N, 
log A”‘( A) 0 A”‘(B) t -x log A”‘( AB) -C log A( A”*B”) 
-c log A"'( A) 0 A”‘( B). 
The following result can be found in [l]. 
LEMMA 3. For 0 < x, y E R”, if log x + wlog y, then x 
THEOREM 4. For n x n positive semidefinite Hermitian 
and m E N, 
6) 
k k k 
+ WY, 
matrices A, B 
c A,( A)A,,_,+,( B) < c A:“+‘( A’/(nL+l)B1/(m+l)) < c AI”( A1/“LB1/m) 
i=l i=l i=l 
k k 
< c Ai( AB) < c A;‘““( A”BnL) 
i=l 
k 
i=l 
< c Aj/(“l+l)( A”‘+lB’n+l) 
i=l 
G i Ai( A)A,( B), k = 1,. , n; 
i=l 
(ii) 
5h:“(A)A;_,+,(B) =G $Aj”(AB) < iAi(A”‘B”‘) 
i=l i=l i=l 
G i: h:(~)hr(B), k = l,...,n. 
i=l 
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In particular, at k = n, 
i Ay(A)A;_i+,(B) < tr(AB)“’ Q trA”‘B”” < 5 Ay(A)Aj”(B). 
i=l i=l 
This is just the inequality obtained in [3-t?]. 
Pro(lf, Part (i) comes directly from Theorems 2, 3 and Lemma 3. Part 
(ii) comes from Corollary 2 and Lemma 3. n 
With Corollary I, by using a similar method, we can prove 
THEOREM 5. For n X n normal matrices A, B and m E N, 
(i) log u(AB) < log ~l/“L(A”‘B”L) < log (T~/(“‘+~)(A”‘~~B~*“) < 
log a(A)0 CT(B); 
(ii) log (T”‘(A)o a”‘(B)~ + log u”‘(AB) < log u(A”‘B”‘) < 
log c~“~(A)o u”‘(B); 
(iv) (T”~(A)o u”‘(B)? -c,(T”‘(AB) -K~(T(A”‘B”‘) +w(+“L(A)~ v”‘(B). 
With certain modifications, we can generalize the theorems above, replac- 
ing the integer m by an arbitrary real number. 
THEOREM 6. For n X n positive definite Hermitian matrices A, B and 
a,P E R 
(i) if (Y < B and (Y, p # 0, then 
A,,( A)&(B) Q A:‘* (A”B”) Q h;‘P(APBP) <Ai(A)A,(B), (4) 
A,,( A)A,,( B) d A!,/P( ApBp) < A’,/“( A*B”) < A,( A)A,( B); (5) 
(ii) if 0 < CY < /3, then 
log A( A)0 A(B) t < log A1’a( A”B*) < log A1’a( APBP) 
4 log A(A) 
(iii) if ff < B < 0, then 
log A( A) 0 A(B) t 4 log A1’B( A”BP) < log A1’u( AaBe) 
+ log A(A) 
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(iv> g I cx 2 1, then 
log A”(A)oA”(B)T -x log A”( AB) -c log A( A*B”) 
-clog h”(A)oA”(B), 
icA;(A)A;_i+,(B) < tr[(A1%M/2)“] < tr A”B” 
G ~A;(A)A:(B); 
i=l 
(v) f 1 aI < 1, then 
log A”( A) 0 A”(B) T -c log A( AaBa) < log A”( AB) 
< log A"( A)0 A*(B), 
icA;(A)Af_i+l(B) G trA*B” =G tr[(A’/ZBA”2)a] 
< 5 A;( A)A;( B). 
i=l 
Proof. With the continuity of Ai( A) with respect to the entries of A, it 
suffices to prove the theorem for rational numbers CY, P. 
(i): Noting that, for (Y > 0, 
A;l/“( A-“B-*) ZE A’,/“( A”B”), (6) 
and that 
A,( A)A,( B) < A,( AB) < A,( A)A,( B) < A,( AB) 
=s Ad A) Ad B) (see 111)) 
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we have 
[ A,( A")A,,( LY)]‘/~ G ~a/“( AT) Q [ A,( A")A,( P)]“~ 
G A;/*(A”B”) G [A,(A”)A,(B”)]““, 
i.e. 
A,,( A) A,,( B) < A;+ ( A-*BP”) < A,( A)A,,( B) 
< A;‘“( A”B”) < A,( A)A,( B). 
The above inequality shows that (4) is true for (Y < 0 < P. 
For the case 0 < CY < p, let (Y = r/p, p = s/p, where r, s, p E N. 
Then 0 < r < s, and 
A;/“( A”B*) = [ A;/‘(( A’/“)r( fj/f’)‘)] I’ 
For the above two cases, (5) can be similarly proved. 
For the case a < /3 < 0, (i) can be easily obtained by using (6). 
(ii): Similar to the proof of Theorem 2. 
(iii): Replace A and B respectively by A-’ and B- ’ in (ii), and note that 
log A(X) -: log A(Y) is equivalent with log A-‘(X) -C log A-‘(Y ). 
(iv) and (v) can be deduced from (ii) and (iii) directly. 
REMARK. For CY, /3 > 0, Theorem 6 can be extended to positive semidef- 
mite matrices by a standard limiting argument, and when LY, P are integers, 
we have 
tr[( A’/‘BA’/‘)“] = tr ( AI?)“‘, 
so Theorem 6 is really a generalization of the preceding results. 
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